Abstract. We show that for Dirichlet character χ 1 , . . . , χs mod p m the sum
Introduction
For two Dirichlet characters χ 1 , χ 2 mod q the classical Jacobi sum is More generally, for s characters χ 1 , . . . , χ s mod q and an integer B, one can define a generalized Jacobi sum A thorough discussion of mod p Jacobi sums and their extension to finite fields can be found in Berndt, R. J. Evans and K. S. Williams [1] . W. Zhang and W. Yao [7] showed that the sums (1) had an explicit evaluation when q is a perfect square and Zhang & Xu obtained an evaluation of the sums (2) for certain classes of squareful q (if p | q, then p 2 | q) in the classic B = 1 case. In [3] Long, Pigno & Pinner extended this to more general squareful q and general B, essentially using reduction techniques of Cochrane & Zheng [2] .
Here we are interested in an even more general sum. Let χ = (χ 1 , . . . , χ s ) denote s characters χ i mod q, then for an h ∈ Z[x 1 , . . . , x s ] and B ∈ Z we can define As demonstrated in Lemma 5.2 one can usually reduce such sums to the case that q = p m is a prime power. In this paper we will be concerned with h of the form As well as (2) this generalization includes the binomial character sums
shown to also have an explicit evaluation in [5, Theorem 3.1] . A different generalization of these sums having an explicit evaluation in certain special cases is considered in [6] . We define n to be the power of p dividing B
The evaluation in [3] relied on expressing (2) in terms of Gauss sums
where e k (x) = e 2πix/k . For example, if at least one of the χ i is primitive mod p m and m > n then
(see for example [3, Theorem 2.2]). In particular if m ≥ n + 2 and at least one of the χ i is primitive we see that J B (χ 1 , . . . , χ s , p m ) = 0 unless all the χ i are primitive with χ 1 · · · χ s primitive mod p m−n . In this latter case (9) and a useful evaluation of the Gauss sum led in [3] to the following explicit evaluation of (2):
with, when p is odd,
where, for a choice of primitive root a mod p m , the integers r and c i are defined by
as usual x y denotes the Jacobi symbol, and
The sums (6) could also be expressed in terms of Gauss sums. As we shall see in Theorem 2.1 below, our general sums (5) have a similar Gauss sum representation that can be used to give an explicit evaluation for sufficiently large m, though here we shall use an expression in terms of sums of type (2) and their evaluation (10). We define the parameters t i and t by
Note, it is natural to assume that m ≥ t + 1 (and m ≥ t + 2 for p = 2, m ≥ 3), since if m ≤ t i one can replace k i by k i /p. We define d i and D i by
Theorem 1.1. Let p be an odd prime, χ 1 , . . . , χ s be mod p m characters with at least one of them primitive, and h be of the form (4). With n and t as in (7) and (14) we suppose that m ≥ 2t + n + 2.
If the χ i = (χ i ) ki for some primitive characters χ i mod p m such that χ 1 . . . χ s is induced by a primitive mod p m−n character, and the A
, and δ(χ 1 , . . . , χ s ) is as in (11) with c i and v replacing the c i and v.
Otherwise the sum is zero.
The corresponding p = 2 result is given in Theorem 4.1.
Gauss Sums
We first show that J B ( χ, h, p m ) = 0 unless each χ i is a k i -th power. We actually consider a slightly more general sum.
Lemma 2.1. For any prime p, multiplicative characters χ 1 , . . . , χ s , χ mod p m , and
Proof. Let p be a prime. If z k1 1 = 1, then the change of variables
Hence if J = 0 we must have 1 = χ 1 (z 1 ). For p odd we can choose z 1 = a
where a is a primitive root mod p
Hence there is an integer c 1 satisfying 
ki for all i = 1, . . . , s.
From Lemma 2.1 we can thus assume that the χ i are k i th powers, enabling us to express J B ( χ, k, A, p m ) in terms of (2) sums and hence, by (10), Gauss sums.
Theorem 2.1. Let χ 1 , . . . , χ s be mod p m characters with χ i = (χ i ) ki for some characters χ i mod p m character, and h be of the form (4). Then,
where χ 0 is the principal character mod p m . If m ≥ n + t + 2 for p odd, m ≥ n + t + 3 for p = 2, and at least one of the characters is primitive mod p 
if u is a k i th power (where each k i th power is achieved D i times) and equals zero otherwise, and making the substitution
and (17) 
where the * indicates the sum is restricted to the
Likewise for p = 2, if (χ i ) ki = χ 0 and m ≥ n + t + 3, we have
3. Proof of Theorem 1.1
Suppose that m ≥ n + t + 2 and at least one of the χ i is primitive. From Lemma 2.1 and Theorem 2.1 we can assume that the χ i = (χ i ) ki with the χ i primitive mod p m and s i=1 χ i primitive mod p m−n , else the sum is zero. As in the proof of Theorem 2.1 we know that all the χ i χ i are all primitive mod p m with s i=1 χ i χ i primitive mod p m−n . Hence using (17) and the evaluation (10) from [3] we can write (24)
with ε p m , and r as defined in (13) and (12). From (22) we know that p n+1 | c i for all i, so c i + c i ≡ c i mod p, v ≡ v mod p, and
and so may be pulled out of the sum straight away. Suppose now that (25) m ≥ n + 2t + 2.
It is perhaps worth noting that in [5] the sums (6) genuinely required a different evaluation in the range n+t+2 ≤ m < n+2t+2 to that when m ≥ n+2t+2. Since 
We define the integers R j by (27) a 
and
By substituting (28) and (29) in (24) we get
Clearly this sum is zero unless each A −1
i B c i v −1 is a k i -th power, when
The Case p = 2
As shown in [3] the sums (2) still have an evaluation (10) when p = 2 and m − n ≥ 5, with δ now defined by
where c i , v, and ω are defined as
Theorem 4.1. Let χ 1 , . . . , χ s be mod 2 m characters with at least one of them primitive, and h be of the form (4). Suppose that m ≥ 2t + n + 5.
If the χ i = (χ i ) ki for some primitive characters χ i mod 2 m such that χ 1 . . . χ s is induced by a primitive mod 2 m−n character, and the A 
From (χ i ) ki = 1 we have e 2 m−2 (c i k i ) = 1 and 2 m−t−2 |c i . Hence
So for m ≥ n + t + 5 we have c i + c i ≡ c i mod 8, v ≡ v mod 8, giving
. . , χ s ). From 2 m−t−2 | c i we know that the χ i are all mod 2 t+2 characters. Suppose now that m ≥ 2t + n + 4. Then (36) and (37) give c i + c i ≡ c i mod 2 t+2 , v ≡ v mod 2 t+2 , and
For p = 2 we define the integers R j , j ≥ 2 by
and (39)
By substituting (38) and (39) in (35) we get (30) and the rest of the proof follows unchanged from p odd.
Imprimitive Characters or Non-prime Power Moduli
We assumed in Theorem 1.1 that at least one of the characters is primitive mod p m . This is a fairly natural assumption, for example if p k i for at least one i and none of the χ i are primitive mod p m then we can reduce to a mod p m−1 sum.
Lemma 5.1. Let p be an odd prime and h be of the form (4). If χ 1 , . . . , χ s are imprimitive characters mod p m with p k i for some i and m ≥ 2, then
Proof. Suppose that χ 1 , . . . , χ s are p m−1 characters with p k i for some i. Writing
where the χ i (u i ) allow us to restrict to (u i , p) = 1. Expanding we see that
as long as m ≥ 2. Thus the u i must satisfy
and for any u 1 , . . . , u s satisfying (41), to satisfy (40) the v i must satisfy When q is composite the following lemma can be used to reduce sums of the form (3) to the case of prime power modulus. 
